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Abstract such as cytoplasmic streaming, complex macromolecular
interactions (such as the dynamics of RNA polymerase on

Motivation Many important problems in cell biology re- the DNA molecule), and global structural changes caused
quire the dense nonlinear interactions between funcby cell division and cell differentiation.
tional modules to be considered. The importance of Many different kinds of simulation algorithms have been
computer simulation in understanding cellular pro- proposed and are currently being used for simulation of cel-
cesses is now widely accepted, and a variety of simlular processes. By far the most widely accepted scheme
ulation algorithms useful for studying certain sub- of describing continuous dynamical systems is representa-
systems have been designed. Many of these are alion by differential equations. Apart from standard generic
ready widely used, and a large number of modelssolver algorithms (Gear, 1971), specialized methods are
constructed on these existing formalisms are availoften used for S-System and Generalized Mass-Action
able. A significant computational challenge is how (GMA) canonical forms of power-law differential systems
we can integrate such sub-cellular models runningn simulations of metabolic and gene regulations (Irvine
on different types of algorithms to construct higher and Savageau, 1990). To complement a lack of quantita-
order models. tive kinetic data, an attempt to marry dynamic rate-equation

Results A modular, object-oriented simulation meta- based continuous models and static flux balance from sto-
algorithm based on a discrete-event scheduler anéfhiometry is ongoing (Yuget al, 2002). In addition to
Hermite polynomial interpolation has been devel-those continuous representations, discrete formulation is
oped and implemented. It is shown that this often used. Stochastic discrete event simulation of cou-

new method can efficiently handle many Compo_pled chemical reactions was pioneered by Gillespie and

nents driven by different algorithms and different Others (Gillespie, 1976), and improved by Gibson (Gibson
timescales. The utility of this simulation framework &nd Bruck, 2000) to work more efficiently. StochSim is a

is further demonstrated with a “composite” heat- discrete-time stochastic simulation algorithm originally de-
shock response model that combines the GiIIespieyised as a means of investigating the bacterial chemotaxis
Gibson stochastic algorithm and deterministic dif- Signaling pathway (Morton-Firth and Bray, 1998). Sim-
ferential equations. Dramatic improvements in per_ulat|0n methods based on cellular automaton have many
formance were obtained without significant accuracy@Pplications from reactive gas physics to sociology, and

drawbacks. A multi-timescale demonstration of cou-have been found to be very useful for biological simulations
pled harmonic oscillators is also shown. (for example, see Weimar, 2002). Brownian dynamics has

proven to be an useful framework of interactions between
ligands and binding sites on receptors, enzymes, and trans-
porters (Bartokt al,, 1996).

d Different algorithms have different strengths, and are of-
ten suited to different spatial and temporal scales. When
constructing models that span multiple scales, one might
choose between two principal approaches: the first is the
combined algorithm approach which aims to bind strengths
of existing simulation algorithms to produce a unified simu-

Availability Animplementation of the method is available
as part of E-Cell Simulation Environment Version 3
downloadable from http://www.e-cell.org/software.
Benchmark models are included in the package, an
also available upon request.

Supplement Complete lists of reactions and parameters
of the heat-shock model, and more results are avail
able at http://www.e-cell.org/bioinfo/takahashi03-1-

supp.pr. lation algorithm of wide utility. The other option is an em-
Contact shafi@e-cell.org bedded algorithm approach, in which existing algorithms
are implemented as pluggable modules wrapped to meet
1 Introduction a common interface specification of a generic framework

of time advance and inter-module communications. In this
Computational cell biology is a rapidly growing work, we have explored the latter approach, which requires
simulation-oriented research field that has been greatlthe development of a meta-algorithm that serves as a frame-
stimulated by the array of high throughput methodswork for integrating heterogeneous units of a composite
developed in recent years. In a previous publicationmodel. A virtue of this style of scheme integration is that
we have argued that cell simulation poses many sigthere is orthogonality between subsystems, that is to say a
nificant computational challenges that are distinct fromdegree of modularity can be assumed for each subsystem
those encountered in problems of other disciplines suckimulated using a particular algorithm. If this requirement
as molecular dynamics, or computational physics, ands satisfied, one can expect established and well-studied al-
even conventional biochemical simulations (Takahashgorithms, and the numerous existing models that exploit
et al, 2002). A vast array of molecular processes occuthem, to be useful when combined in a “plug-in” fashion
simultaneously in the cell. The involved physical andto let them take part in composite simulations that utilize
chemical processes include molecular diffusion, moleculathe multiple algorithms.
binding, enzymatic catalysis and higher order phenomena



2 A|gorithm to calculate the Stepper dependency below. For brevity we
denoteR; to mearUj R; ; in the following sections.

As noted above, the novel approach we propose dependst’ has a general form of:

on the design of a meta-algorithm, which we describe here s S, o f

in three parts: (1) data structure, which outlines the orga- F: (R, A1) — (R*,0R) (4)

nization of information required for model definition and \yheres 7 is a set of contributions to derivatives of the mu-
execution, (2) driver algorithm, which describes how inter-tator variables of-. (*) means that each reference element
actions between sub-modules are handled, and (3) integrgs de-referenced to get variable instances; t(RUSC x.
tion algorithm, which explains the procedure by which state \ye refer to a specialized form @, F : (R*, A;, ) —
variables are updated. _ (6R) as a continuous transition functionand F'

In this article, a vector is denoted with a small bold Ietter(R*, Ar,7) — (R*) as adiscrete transition function
(e.g. x). Capital letters¢.g. X) are used for sets. Class por instance, differential equations generally have an even
names are capitalizee.g. Stepper). Small and capital let- gimpler form of the continuous transition functiof, :

ters are used for scalars and objects. (R*,7) — (6R). Difference equations can be viewed as
a type of discrete transition function. Discrete event pro-
2.1 Data Structure cesses, which are constrained to discrete-valued changes in

) ) ] state variables at scheduled time points, are formulated as:
In this meta-algorithm, a Model consists of a vector of state . (R, 7) — (B*).

variables and a set of Steppers. Each Stepper consists of ap call a Stepper made up of Processes with continuous

set of Processes, each of which changes values of the stg{gnsition functions aontinuous Steppernd adiscrete
variables according to its transition function througiti-  gtepperif it has Processes with discrete transition func-

able referencesThe meta-algorithm knowStepper depen-  ions.

denciesby trackmg the variable references. In addition to the Model data structure presented above,
Modelis a class: the meta-algorithm requires some additional data structures

to execute a simulation.

M= {x,9) @) The current global timé]", during a simulation is defined
wherex = {a¢,21,...,2,} (typically € R")is avectorof ~aS:T = min,(7; + A;). .
state variables, anfl is a set ofSteppers An updated-time vectot = {to,t1,...,t,} € (R*OU

A Stepper is a class which represents a computationeﬂo)" is used to store the last updated times of all the vari-

sub-unit of the model. The Stepper class is defined as; ~ ables.
A binary relation, which we call the Stepper Dependency,

Si =Py, 15, A1y, Ay, I;) (2) D, is defined on an ordered pair of Stepp&rsand.S; as:

whereP, = {P, o, P, 1,... P, }isasetoProcessesris D = {(Sa, S)|(Sa, S) € SXSAS, # SpARNRy # 0}

the current local timeA; is the current time step interval, (5)

A; is the step method, anf is the interruption method, The interpretation is very simple; if a Stepp8y can

of theith Stepper. The interruption methdglis called by  change a value of at least one variable that the other Step-
other (interrupting) Steppers to let this (interrupted) Stepfer S, can read,S, is said to be dependent ¢, that is,

per know that this Stepper may need recalculation becaudé., Sy) € D (or equivalently,S, DS). This relation is not

of the changes of the variables caused by the interruptingransitive (.e. S,DS, A S DS, does not implyS,DS.),
Stepper. See Stepper dependency below and the next Drivend not symmetrici. S, DS, does not implyS, DS,,).
Algorithm section. Ranges of and At are the same:

(R U oo). 2.2 Driver Algorithm

Definition of the Process class is given as follows:
Time is advanced during the simulation in an iterative fash-

P;j = (Fij,Ri ;) (3) ion. Each iteration of the simulation consists of the follow-

. . ) ) _ing nine procedures.
whereF; ; is a transition function, an®; ; is a set of vari-

able references such that, } ,cr C x, of the jth Process 1. Initializet and all thers to zero.

instance which pelongs to Step@gr R; ; consists, in turn, 2. Compute the Stepper Dependenby defined by
of two subsets.R; ; C R, ; is the accessor variable refer- Equation 5 for all combinations of Steppers.

ence subset, anll; ; C R; ; is the subset of mutator vari- 3. From.S, pick a SteppesS; which has the minimum
able references, such th&tU R = R. Read accesses to scheduled time; + A7; over the set.

variables by a Process is restricted by its accessor variable 4. Update the local time of;: 7; < 7; + Ar;.

references, and it can only change values of variables inits g integrate Update values of variableB* according
mutator variable reference subset. This information is used to the integration algorithm given belolw.



6. step Allow the StepperS; to execute a “step” by a second order error term. For egch R;,
calling its implemented “step method;. A; may ) )
call transition functions; ; of Processe®, ; inthe  2;(7i) = z;(t;) + At; D al +O(AL?), Aty =T1i—t;

set P; according to its implemented algorithm\; keS
may also update the step si2e;, the timescale pa- (6)
rameterd;, and any other implementation-specific Zip =Y 0pris pri € Ry (7)
parameters of the Steppé§. IEP;

7. dispatchinterruptionsin this procedure the Stepper whereS C S is the set of continuous Steppers, ands the
S; notifies the change of the variables to other Step1ast updated time af;. Heredpy; is a contribution to the
pers.S; calls interruption methods; of all Steppers  velocity of change of:; given by thelth Process of théth
S; that depend otb;, i.e, {S;[S; € SA(S;,5:) €  Stepperandt; is the last updated time of;.

D}. The interruption method; may changé\r;, 6;, Although mathematically concise, this scheme spoils the
and any other implementation-specific parameters obenefits of higher order algorithms. No matter how high the
the Steppes;. order of the internal computational procedure being used,

8. log: For post-simulation data processing, record val-the outcome will be integrated as a linear sum of the most
ues of variables related to this Steppgf, if neces-  recently computed first order derivatives, resulting in a first
sary. order global precision. First-order algorithms, however,

9. End if the termination condition given by the user only occasionally satisfy practical requirements, in terms of

(such as the value @ and the number of iterations) accuracy, efficiency and stability, for numerical simulations
is met. Otherwise go to 3. of continuous systems. Therefore this procedure should be

he time is ad dandth | fth bl extended to have a higher order error term.
The time is advanced and the values of the state variables p o 1acing the first order derivative term of Equation 6 by

are updated in three actions (procedures 4, 5, and 6). Pr
cedure 4 updates the local time of the StepperS; and
the global timeT". In procedure 5, the variables are up- (7)) = a;(t;) + Z Oy, (i, AL;) + O(AL;*)  (8)
dated by continuous Steppers (See Integration Algorithm
section). In procedure 6\; of a discrete Stepper may call
its transition functions to change the values of varialitgs ~ where @y, ;(7;, At;) is an interpolant difference given by
A continuous Stepper usually does not change the values difie kth Stepper for;. The order of the global error term is
variables in this procedure, but us&s to recalculate in- s = min, g di.. Heredy is the order of theéith Stepper.

put parameters to its interpolants fréiR; (See Integration ~ The interpolant differenc®;, ;(r;, At;) is defined as a
Algorithm and Implementation sections)r is also recal-  difference between values of the interpolapt; at time
culated in this procedure, and is used in procedure 4 of thpoints7; andr; — At;.

next step of the Stepper to advance the time. In procedures

6 and 7, Steppers set an ancillary paramete R*°Uoo Op,j (i, Atj) = i, (7i) = k(70 — At;) ()
) which indicates the time scale of changeRjf andd R;.
Normally # > 0 for continuous Steppers. B; is a dis-
crete Stepper, usually = 0. In procedure 7, Steppers

which depend orb; may use this value as a clue t0 0p- yqqel; the input parameters to each interpolant should be
timize c_:omputatlon by ignoring some of'the 'me_””pt'onsrecomputed upon receiving an interruption (procedure 7
from this Stepper. See th_e Implementation section for Xabove). This functionality is not guaranteed by the meta-
ample usage and calculationfflf more than one Stepper ,gorithm, and is a requirement in the implementation of

has the same scheduled time in procedure 3, the one willj)o ific algorithm modules, some examples of which are
the highest 'priority’ value (defined as part of the model) is described below.

chosen.

% difference of higher order interpolants we get:

keS

The relationship between andt; is depicted in Figure

To minimize the total expected error over the whole

2.3 Integration Algorithm 3 Implementation

In the integratephase of the meta-algorithm (procedure 5The meta-algorithm has been implemented in the ISO C++
above), interpolation is used to recompute the set of variprogramming language with extensive use of template-
ablesR;. based generic programming techniques (Alexandrescu,
In the simplest case, where all the continuous Steppers iB001) and object-orientation. To optimize the operation of
the model implement first-order numerical integration al-finding the Stepper with the minimum scheduled time in
gorithms, the procedure has a form of Euler's method withprocedure 3 of the driver algorithm, a discrete event sched-
uler was implemented as a heap-tree-based dynamic prior-
ity queue for which the rescheduling cos@iglog |S|). The



implementation has an XML parser for model descriptionpoint, (1).
files, C++ and Python language APIs for user scripting and ) )
frontend module development. Simulation algorithms can ‘. (t) = (1 =0%) () + (—0” +0)Amcky

be developed in the C++ language as dynamically loadable + o2 (xj () + A 32, bik'> +O(AL?)

plug-in modules by inheriting base classes provided by the

system. (12)
Three sub-classes of StepdeiscreteEventSteppeDis- o=(t—7)/h, 0<o<1 (13)

creteTimeSteppemdDifferentialStepperare provided ac- i
cording to Zeigler's classification of simulation algorithms Where7: andAr; are the current time and the current step
(zeigleret al, 2000). Each concrete implementation of an SiZ€ Of this Stepper, respectively. Hergo = (1 —o%),

— 2 _ 2 H _
algorithm is a subclass of one of these base classes. g, = (—0”+0),anda;; = o°. A7, appears in the sec
At least the step method, the interruption method ond and the third terms of the RHS because of the change

and a function to determine the timescale parameteust ~ Of variable fromt to o L
be defined in each implementation of a Stepper. Shampine (1986) gives@' interpolant of the Dormand-
Prince 5(4)7M with additional coefficients:

3.1 Differential equation modules b, (t) = @i (1) + ohky + 40%h(o — 1) (k1 — v1)

As subclasses of the DifferentialStepper, two general- +20°h(o — *)( v1 — k1)

purpose ordinary differential equation (ODE) solvers have +20%h(0 — L) (0 — 1) (k7 — ki + vy — 4vy)

been implemented. Many variants of the Runge-Kutta algo- 2

rithm exist, and the general form of the algorithm is given + O(At‘ ),

as follows: vy = S bk, v =S biks (14)

ki=f(zn+cihyyn+hd>i_jajiki), j=1...s The number of RHS evaluations required in each step of
Yni1 = Yn + thzl bk (10) the S|muI§t|on is [tnr]lree for[rlfflr;lberg 2(3). .
Interestingly, k7~ = k; for the Dormand-Prince

whereh is the step sizes is the number of right hand side 5(4)7M algorithm if there is no interruption in a time in-
(RHS) evaluations required for a single step. Specificationierval (7,,, 7,,+1]. Thus the number of RHS evaluations re-
of the matrix of coefficients, b, andc determine each spe- quired by the algorithm is seven for starting up, and six or
cific variation of the algorithm. seven during the simulation.

Two instances of embedded explicit Runge-Kutta algo- The step method\ for these ODE modules are imple-
rithms with dense output capabilities have been implemented with a standard adaptive step sizing mechanism
mented: second-order Fehlberg with a third-order error esPresset al,, 2002). In addition, time step sizes are con-
timation (Fehlberg 2(3)) (Fehlberg, 1969), and fourth-orderstrained by the following condition to ensure that the Step-
Dormand-Prince with a fifth-order error term (Dormand- per does not change variable values too much at once in a
Prince 5(4)7M) (Dormand and Prince, 1980). single step:

For some integration algorithms including these two, itis )
possible to derive interpolants by using Hermite polynomial Vj € Ri: Zjerel + €abs > Z dpig - Ar; (15)
interpolation, the general form of which is: lep;

G [ wheree,ps ande,.; (usually< 0.1) are absolute and rela-
9(x) =32, 325 @i (@) f; [dw &, 7($)L:mk = ik tive constraint parameters of changes of the variables in a
(11) step, andp;,; is a variable reference of thigh Process in
wherez(k = 1,2,--- ,n) is the time point where input the ith Stepper pointing ta;;. The constraint parameters
is given, 7 is the input function defined at; as thejth  €abs @nde,e; should be provided according to external con-
order derivative, and; ;, is the Kronecker delta. Ifi(j) d|t|ops given to this Stepper,. s:uch as the total ngmber of
defines data points at different combinations of andj, ~ continuous Steppers and their implemented algorithms.
then it can make an interpolant of order— 1 In th|.s mplementaﬂorﬁi has the ;ame value asri:
A C° interpolant of the second-order Fehlberg algorithm _ The interruption method; for theith ODE solver is de-
can easily be derived because we have three data pomlfé:”ed as follows:
the initial value, ¢;(7x)), the value at; + A7, (z;(7x) + . If the timescale of the interrupter is smaller than the
Zle b;k;), and the first-order derivative value at the initial step size of this Steppef;, < Ar;, then usd)y, as
the initial guess of the next step size. Otherwise, just
return ignoring this interruption.
2. If the next step of the interrupter is before this Step-
per, ¢; + A7; > 1 + A1), SetAr; to T — 7.



Procedure 2 makes sure that the interrupted Stepper 4 Results

steps at least once between the current and the next steps of

the interrupting Steppe$.. This guarantees that the con- Two relatively simple models have been constructed to ex-
straint in Equation 15 takes effect on the interrupted Stepamine the performance of the meta-algorithm. The firstis a
pers. Procedure 1 is an optimization. If the interruptedmodel of the heat-shock response, and has three variations,
steps more frequently than the interrupter’s timescale padeterministic (ODE), stochastic (Gillespie), and composite
rameterty,, the constraint is assumed to be satisfied with-(ODE/Gillespie). This example is to show multi-algorithm
out the interruption. By using, as the next step size of the and multi-timescale capabilities of the algorithm. The sec-
interrupted Stepper, this optimization more likely happensond example is a simple cascade of coupled harmonic os-

again in the next step. cillators with gradually changing timescales that span six
orders of magnitude.
3.2 Gillespie-Gibson module All the timings and results given in this work have been

_ o _ taken on a PC running RedHat Linux 9 operating system
A standard Gillespie-Gibson algorithm, or the Next Re-wijth a dual Hyper-Threading-enabled Intel Xeon 2.8GHz

action Method, has been implemented as a subclass @pPU and 1GB of RAM. This implementation is a single-
the DiscreteEventStepper in a fully object-oriented fashionthread application.

The probability density function for the next reaction to oc-
cur at timer, P(7), and the probability that this reaction is

of typep, Pr(u), are given by the following two equations. 4.1 A multi-algorithm heat-shock model

When cells are exposed to high temperature, the synthesis
P(r) = <Zj aj) exp (—T > aj> (16)  of a small number of proteins known as heat-shock proteins
becomes selective and rapid (Gross, 1999). This process

Pr(n) = a,/ 3, a5 a7 pid ( ). This p

is called the heat-shock response®?, a variation of the
wherea; is the propensity function of thth reaction. The ¢ Subunit of RNA polymerase, has been implicated as the
propensity functioru; is defined ag [[ X (if the reaction

global regulator for this system (Grossman, 1987). DnaJ is
is in either form of X, — X, or X; + X — X3), OF a molecular chaperone that plays an important role in regu-

askX, (X, — 1)/2 (if the reaction i2X; — X,), where lating the activity and stability of3? (Gameret. al, 1996).
k is the rate constant andi; is the number of copies the Many molecular species involved in this process are present
K3 . . .

molecular species involved in the reaction. In this imple-iN Small numbers, most of which relate to gene expression
mentation, we only consider uni- and bi-molecular reac.Processes, and require stochastic simulation. In contrast,
tions, and ifX; is not an integer, a floor is taken to calculate protein folding involves large quantities of molecules, mak-
the propensity ing stochastic simulation computationally challenging.

The interruption method has been implemented to en- To evaluate the performance of a composite simulation

able synchronization with other modules. The procedurecheme, we set up a pure stochastic model, a pure ODE

is: (1) Recalculate the propensities of the reactions, (2) ReT'0d€l and a stochastic/ODE composite model, based on

determine the time of the next reaction+ A7, and the Svastava's stochastic petri net model of teoli heat-
next reaction according to the main algorithm, and (3) shock (Srivastavat al, 2001). Protein folding/unfolding
Reschedule the Stepper to time+ Ar; on the scheduler.  Processes have been added to the model, and modeled as
The timescald; is determined as: d|fferer!t|al equat_lons in the QDE _and composne_models,
and using the Gillespie algorithm in the stochastic model
p* (18) (Figure 2). In the composite model, the stochastic and ODE
parts are coupled bidirectionally. Complete lists of reac-
tions, parameters and initial values are availabl8upple-
where{ is a tolerance parameteris an index of the Step- ment. All parameter settings and initial values of the three
per, andv, is the stoichiometric coefficient for the variable variations of the model are identical.
referencep defined as a part of the model.takes a small e ran each model ten times for 100 seconds and traced
number such as 0.1, or @& # 0 directs it to pretend to  the quantities of*2 and DnaJ to benchmark the perfor-
be a continuous component. This may make the simulamance. These two species were selected becatisés
tion more efficient if this Stepper takes smaller step sizegiologically important, as it controls the expression level of
than other parts of the model. For instanges 0.1 letsd  heat shock proteins, and DnaJ is on the boundary of the dif-
be the expected time for the reactant of the current Proceggrent algorithms in the composite model. The composite
with the smallest population to change its value by 10 %. Ifmodel ran about 2.6 times as fast as the ODE model, and
precision precedes efficiency, get 0. 351 times faster than the stochastic model (Table 1). The
The Mersenne-Twister algorithm (Matsumoto and difference in mean steady-state levels in these three vari-

Nishimura, 1998) has been employed as a pseudo-randogiions were within 2.7% for32, and 0.0008% for DnaJ.
number generator.

0; = £ - A7; min
PER;,

Vpl



The standard deviation of* in the composite run was in- 0f the deterministic and stochastic schemes would be “dy-
distinguishable from that of the stochastic run. In contrastpamic” switching between these different simulation meth-
the trajectory of DnaJ was devoid of stochastic fluctuation®ds. This will be further explored in future work.

in the composite model (Table 1, Figure 4). The total num- The composite heat-shock model runs faster than both the
ber of protein molecules in this example model is of orderODE and the Gillespie models. The following crude ap-
10% —107. Histograms to compare’? results in composite ~proximation of computational costs of these models with-
and stochastic runs are availableSnpplement stand some discussion.

. . . Ogittespie  [3_allog N,  Oopp 7 % N,
4.2 A simple model of multi-timescale oscil- ! [‘9 ]

|atOI’S OComposite X [Z a]m lOg Nm + v [%} ; Nf

A cascade of twenty harmonic oscillator components of7 : _ .
Xo, X1, -+, X19 have been constructed. Each componen%’}'}here[ﬁ*atcj IS ? measure of thz degreehof st|ff|ne$\é,|s
X, is coupled with the next on¥,, . ; with a positive feed- t.e number o reactiond_ a] denote f ° totad propen-
forward. The rate constant &f,, is doubled forX,, . (Fig- Sity, andy is a constant parameter to re 41%] and[3, al.

ure 3), resulting in a total timescale difference in the modelsu?scfntpr;[gm anddjlf |nd|catet_th? m%?) part and_th]evfoldlng
of aboutlog,,(22°) ~ 6.0 orders of magnitude. Five sets P2t O the MOCE], TESPECUVEL. viously = N +

: : Ny. Computational cost of explicit ODE solvers such as
of the cascade are included in a model. Dormand-Prince 5(4)7M is largely determined by the de-

Benchmarking was conducted on the model with one,

two, four, ten, and twenty Steppers (Table 2). As an exJ€e of stifiness, which is dominated k% (where is

ample, in the two Steppers variant, the components werd dependent variable, andis the derivative function for

divide(,j into two groups,X, Xy ,and X0 X1o z). The large (137-fold) performance difference between
e e i : ot

Relative and absolute differences between results frorfﬁhe]c O{DEAano:c E'"eg%%'gtzheﬂram]i ;EO[MZOg] loghli\lfé

these variations were smaller than the error tolerance pAf‘ act, A7 ot the pper w W

rameter given to the Steppei®(¢). The simulation speed tC:a?|ySit§F;hzlzr§anetggo(—gﬁmeslr())gel'?’ignc ()Sr;eppopst?trevx?j dzpl_
i i . T B ;
improved as the number of Steppers was increased hs faster than the ODE model, ﬁ%]fo < [%]N and

twenty Steppers variant achieved almost an order of mad- o )
nitude better performance than the original. [>_ alm log N, < 7[5;]N. Because the degree of stiff-
ness is dominated by the fastest component of the system,

it can be assumed th&t.],; ~ [4L]. Thus the first propo-
5 Discussion sition can be verified byV; < N. The latter proposi-
tion is consistent with theé\r observed in Gillespie sim-
In the limit of large numbers of reactant molecules, stochasulation of the main model in isolatioi@—! —10~2). This
tic and deterministic simulations are equivalent (Gillespie,speed difference, however, is less important than that of
1977). In contrast, if the system has low copy numberghe Gillespie and the composite models because the depen-
of species, the deterministic law of mass action breakslency of the ODE solvers to stiffness can partially be over-
down because the steady-state fluctuations in the numbeome by use of an implicit or a semi-implicit solver (Gear,
of molecules (which is proportional to the square root 0f1971). Now the difference between the composite model
the number of molecules) becomes a significant factor irand Gillespie model is explained becaliséa),,, < [>_ a
the behavior of the system (Singer, 1953). ODE model%ndy[%]f]\ff < 7[%]]\7 < [>-allogN.
isolate the biochemical system into a group of determinis- In the composite modes;*? behaves identically with the
tic and continuous reactions, and tacitly ignore fluctuationgure stochastic model, and the trajectory of DnaJ almost
in the pathway (Raet al, 2002). With identical parameter matches that of the deterministic modet3? is one step
settings, the stochastic and deterministic models can praway, and DnaJ is on, the boundary between the determin-
duce different results, and stochastic models are generaligtic and the stochastic parts of the model. In the compos-
believed to be more accurate (Mariet al, 1998; Srivas- ite simulation, stochastic fluctuation of DnaJ is absorbed
tavaet al,, 2002). by the fast rates of the deterministic reactions involved in
Despite its advantages, however, Gillespie's scheme ofontrolling its stady-state value. The primary path from
exact stochastic simulation has limited utility due to itsthe boundary (DnaJ) to3? is a slow reaction (dissocia-
computational cost which is proportional to the number oftion of 32 / DnaJ complexk = 4.4 x 10~%) which filters
molecules. The composite simulation of the heat-shockigher frequency fluctuations. Thus? is insensitive to
demonstration model shows that, if carefully chosen, ODESuch rapid fluctuations even in the pure stochastic model,
can replace some parts of the stochastic model, resuland no difference is observed between the stochastic and
ing in a dramatic improvement in performance without compaosite runs in the first and second moments of the time
jeopardizing the benefits of the original purely stochasticcourse. (An analysis of higher moments showed a slight
model. A logical extension to this “static” combination difference in skewness, and no difference in kurtosis. See



Supplement) However, as the behavior of DnaJ exempli- the sub-cellular models and in many cases limited the appli-
fies, the composite simulation must be used with caution itations of simulation to single-scale, sub-cellular problems.
the stochastic effect on species near the boundary is of in- In this work, we have provided a modular meta-algorithm
terest, or is expected to influence the overall behavior of thavith a discrete event scheduler that can incorporate any
model. type of time-driven simulation algorithm. It was shown that

The Gillespie-Gibson Stepper recalculates putative timethis meta-algorithm can efficiently drive simulation mod-
of all the reactions upon interruptions by other Steppersels with different simulation algorithms with little intrusive
The correctness of these recalculated times in a compositaodification to the algorithms themselves. Only a few ad-
simulation is guaranteed because the interruption proceduiditional methods to handle communications between com-
itself does not affect the probability densi(r). To verify  putational modules are required.

this, consider an interruption at, (r" < 7), the probability The best algorithm for a specific model is determined by
density of the next reaction timé?(7), is then calculated the nature of the target system. Our meta-algorithm pro-
by the following equation. vides a solution for situations in which it is necessary to

) simulate processes concurrently across multiple scales of
P(1) = (1 -y P(t)dt) P(r—1) (19) time, space or concentration (Rebal., 2002).

= exp (—T/ Zj aj) P(r—1')

= (ZJ aj) exp <77' > aj)
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Timing (sec.) Speed 32 Std. Dev. 32 Level DnaJ Std. Dev.  DnalJ Level

Stochastic 507F0.76 1 3.740.072 15.180.391 5.2730.206 464.40.498
Composite  1.4453.5e-4 351 3.640.112 14.830.348 3.156e-20.282e-2 464.40.007
Deterministic 3.703 137 0 15.01 0 464.4

Table 1: Benchmark results of the heat-shock model
The three variations, stochastic, composite, and deterministic, of the heat-shock model were run for 100 seconds. Each
timing is an average of ten runs. Only the random number seed was changed from run to run in stochastic and composite
simulations£ = 0. The mean levels and the standard deviations*dfwere calculated over the simulation results, and
trapezoid method was used for the mean calculation. Dormand-Prince 5(4)7M algorithm has been used for ODE parts in
the composite and deterministic runs. The results do not include times for program invocation and parsing of the XML
model file. See also Figure 4.



|S] Predicted Cost Timing Predicted Speed Speed

1 219.20 [100%] 68m43s 1.00  1.00
2 2910 + 2'7-10 [~ 50%] 35m13s 200 195
4527+ 27+ 2" +2) [~ 26%] 18mi6s 3.88 376
10 4471 [~ 13%]  9m33s 750 7.20
20 21 [~10%] 7ml0s 10.00 95

Table 2: Benchmark results of the cascade oscillators model
The cascade oscillators model was run for 0.5 seconds. The components were equally divided into one, two, four, ten, and
twenty Steppers. An average of three runs is shown for each configuration. Dormand-Prince 5(4)7M algorithm has been
used for all the components. The timings include a program startup and an XML parsing. The predicted simulation costs
are calculated by assuming that it is directly proportional to values of time constants.
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Figure 1: Relation betweenandt
This example has only two continuous Stepps&isand
Ss. Both share a variable;. Time pointsr; andr, are
where the last steps of these Steppers occuredrand

Figure 2: The the heat-shock demonstration model
Model scheme for the heat-shock model. S32 mesis
E_S32 means the RNAP core enzyme witf?; Protein

(=71 + Ar, = T) is the current timeS; steps at; and means folded protein and UnProtein means unfolded pro-
tein. Dashed lines in the upper-right corner represent re-

1. S2 Steps atr,. z; is updated aty, 7{, andr,. If the last
Stepper stepped beforgis Sy, thenty, = t; = 71 — At;. action modeled using ODE in the composite model, and
Gillespie in the stochastic model. Rate constantsofor
transcription and translation are 4073 and 7x1072,
respectively, which are the only different parameters from
the Srivastava’s model k_unfold = k_binding= 0.2, and
k_refold= 9.73x10°.
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Figure 3: The cascade oscillators demonstration model
The model has a basic unit of two variables coupled
by the following equations:% = —k2X; ] +
k27X o1y- ], % = k2'[X;,] wherek is a time
scaling factor. A cascade has twenty instances of the unit.
The model has five sets of the cascade. Four sample solu-
tions of the cascade oscillators model are shown below the
first (slowest), second, nineth, and twentieth (fastest) com-
ponents.
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Figure 4: Simulation results of the the heat-shock model
Comparisons of (ay3? and (b) DnaJ time courses of the first 20 seconds of the simulation for the stochastic model, the
composite model, and the deterministic model. The composite and the ODE trajectories of DnaJ overlap. It can be seen
that means of the ODE (fine curve), the stochastic (dashed curve), and the composite (thick curve) models agree well both
in 032 and DnaJ cases. The standard deviations’*dfin the stochastic and composite models are equivalent. In contrast,
the stochastic fluctuations cannot be seen for the DnaJ trajectory of the composite run, making it equivalent to the ODE
model (see Table 1 for numerical values).

13



